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Abstract

Universal connections between the overall moduli of elastic fibrous composites are explored. For any medium
that can be represented by certain characterization functions, we show that its effective modulus tensors follow
similar constraints as those for Hill’s connections for a two-phase fibrous composite. Some new standpoints are
proposed, which reveal that the connections remain valid for media containing cavities or rigid inclusions. In
addition, connections are devised to accomodate the case in which the composite consists of phases with identical
eigenmoduli. We show that, in this particular case, it often provides additional constraints to the overall moduli of
the composite. Specific results are given in analytic forms for two-phase fibrous composites with transversely
isotropic phases, and with square-symmetric phases. © 2000 Elsevier Science Ltd. All rights reserved.
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1. Introduction

In many physical problems it is permissible to set certain fields to be constant throughout a
heterogeneous medium. This may be due to physical considerations or to geometrical arrangements. For
instance, in a cylindrical body a constant axial strain or electric field may be prescribed or induced. In
addition, in thermo-elastostatics one may assume that a uniform temperature change prevails in a solid.
Quite a few exact theorems of composites are indeed a consequence of the existence of such constant
fields. For example, Hill (1964) found that the overall elastic moduli of two-phase fibrous composites
are connected by universal relations which are independent of the geometry at a given volume fraction.
Levin (1967) showed that the effective mechanical properties and thermal expansion coefficient are
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related in an exact manner. Rosen and Hashin (1970) derived a relation between the specific heat and
thermo-mechanical moduli. All these theorems are microstructure independent and provide theoretical
linkages among the overall moduli of the composite. The results were originally presented in terms of
isotropic or transversely isotropic elasticity, where explicit formulae can be found. In a series of works,
Dvorak (1986, 1990) showed that, in the presence of a certain constant field, it is possible to generate
uniform fields throughout the medium by a particular set of loadings. With this concept, much progress
has been made in finding the connections between the moduli of composites with arbitrary anisotropy or
with other physical context, such as piezoelectricity (see for example, Benveniste and Dvorak, 1992 and
references cited therein). Recently, Chen (1998) showed that, upon a rearrangement of moduli, all the
aforementioned connections are mathematically equivalent to each other and can be treated in a unified
manner. However, the uniform field approach is not without limitation and the applicability of the
connections may not seem readily apparent from the existing presentations. In fact, there are quite a few
theoretically interesting situations in which the uniform field method may exhibit difficulty or even break
down, for instance in porous media or in composites with identical bulk or shear moduli. This work
proposes some new standpoints to these issues and intends to provide a solution to resolve the gap.

The formulation will focus exclusively on elastic cylindrical aggregates, which are sufficient to generate
results in many different contexts, including thermal effects, humidity, electric fields, etc. Specifically,
Section 2 attempts to show that the effective modulus tensors of a medium, that can be represented by
certain characterization functions, follow similar forms of the universal connections for a two-phase
fibrous composite. Particularly, the characterized material may even vary in space. The derivations are
rather straightforward without invoking the uniform-field approach. Section 3 examines the situations in
which a certain matrix is not invertible, which corresponds to the cases that uniform fields cannot be
constructed throughout the body, in the way originally conceived. Interestingly, we observe that in this
particular situation uniform fields can in fact always be constructed and that, in many situations,
additional constraints to the overall moduli are thereby obtained. To our knowledge, this feature has
not been noticed in any of the literature before. Two specific examples for two-phase composites, one
for transversely isotropic phases and the other for square-symmetric phases, are worked out in detail.
Exact connections between the overall moduli are given in analytic forms. Section 5 presents a general
framework for the subject, which is suitable for different physical contexts. Central to the concept is the
existence of certain constant quantities, e.g. temperature, axial strain, etc. Finally, some closing remarks
are made in Section 6.

2. Universal connections of overall moduli

To illustrate the main concept of the framework, we shall focus on purely elastic behavior of fibrous
composites. The concept will be sufficient to extend to other physical contexts, such as piezoelectricity,
thermal effects, etc. On a fixed Cartesian coordinate system {x;}, the constitutive equations for an elastic
solid are given by o, = Ljkexs or &; = Sjkior. In matrix notation, they can be expressed as ¢ = Lg or
¢ = So, where ¢ and ¢ are defined by

01 =011, 02 =02, 03=033, 04=023, 05=03], 06=0]2,
el =¢&11, & =&, &3 =463, &4 =283, &5 =231, & =2¢&p. (1)

Suppose the axial direction is chosen as parallel to the xs;-axis. Then the usual Hooke’s law can be
rearranged as
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where
A T A T
0 =[01, 02, 04,05,06] , &= [&1, &2, &4, &5, &6]
T T
a = [513, 523, 534, 835, 536 /833, b =[l13, b3, B34, l35, 3],
(£)y=t5. 8)y=sj—sasp/sns. (j=1,2456), 3)

E;3 is the Young’s modulus in the x3-direction, and s; and /; are the usual two-index compliance and
stiffness, respectively. The superscript “T” denotes the matrix transpose. The field quantities must satisfy
the equilibrium equations and compatibility conditions. Along any interfaces of different materials,
perfect bonding is assumed. For brevity, in the sequel, the formulation is derived based on (2);. The
dual approach via the moduli is obtained simply by letting L< S, b<a, li3< — E;. In the sequel,
‘phase’, as the usual interpretation, is defined as a region with constant moduli; ‘a pointwise varying
material’ means a material which has moduli depending on positions.

Let us now consider a heterogenecous medium consisting of cylindrical phases with arbitrary transverse
geometry. Suppose that the properties of the medium can be represented by the forms

S(x1,x2) =8, + (Sﬂ - S'a)F(xl, x2),
a(x1, X2) = a, + F'(x1, x2)(@ — a,),
E3(x1,xz)=E§+(Eg—E§>ﬂX1,x2), “4)

in which {S,-,al-,Eg}, i=uw,p, are two set of constant properties. F(x;, x;) and f(x,z») are certain
functions of position restricted by the requirements that the compliances be symmetric and non-
negative. The objective of this section is to show that the effective moduli of the considered medium will
follow the universal connections as those for a two-phase fibrous composite.

Equation (4) depicts a wide class of heterogeneous media. For example, for any two-phase medium
cons1st1ng of phases 1 and 2, the properties of the medium can be characterized by selecting S, = S,

Sp =8y, E% = E), EP = E3 so that F(x) and f(x) follow
Fex) 0 for:x € Q ) 0 for:x e Q )
X) = ) X)= D)
I forixeQ), 1 forix e,

and a, = a1, ag = a>, where I is the 5 x 5 unit matrix and, Q; and Q, denote the domains of phases 1
and 2, respectively. Of course, this representation is not a unique choice. In particular, for any given
two-phase medium one can always select S,, Sg, £ and Eg at will, while a;, F; and f; are restricted by
some relations. In other words, there are a number of ways to represent the elastic properties of a two-
phase medium via (4). A notable feature of (4) is that it is capable of modeling a specific class of
inhomogeneous materials. Particularly, the characterized material properties may even vary in space
since F and f are functions of position. We note, however, that for an arbitrary three- or multi-phase
medium it is not always possible to characterize the material properties via (4), since S and a are linked
by F. But for a three-phase material in which the third phase is itself a composite of the first two
materials, it is indeed possible to characterize the medium by (4). Lastly, it can be verified that if
(52 S 1) is singular so is (F, — F), since one can choose (S[; — S,) arbitrarily. The same reasoning also
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applies to E3;. Eqn (4) also implies that a, and az cannot be uniquely determined if (5‘2 —S‘l) is not
invertible.

Suppose, under a uniform loading, the macroscopic behavior of the medium can be Aiﬁectively
represented by the same constitutive relation (2) with certain suitably chosen overall moduli S, a* and
E3. Then the average fields satisfy

(&) S a ()
— o | (6)
— (03) a*T —E; 83
where the argument inside () means the volume averages over the representative volume element (RVE).
By taking the average of (2) and comparing with (6) it follows that

AS"(6) + Aa*e) = AS(F&) + (F")Aas,
Aa*T(6) — AE%e = Aa"(F6) — AE;(f ), ™

where

Ak Ak ~

AS =8 —-8,, Aa*=a"—a, AE;=EFE;—Ej
AS =85 —S,, Aa=ay—a, AE;=E)—E% (8)

Since (6) and 8(3) can be prescribed arbitrarily, by letting 82 = 0, relations (9) provide

Ad* = AS'AS ' Aa, )

while, letting (6) = 0, they lead to

_[AE: — (f)AE;] = Ad"AS ' [Aa* — (FT)Aal. (10)
[AES - (f)AEs]

Eqns (9) and (10) provide at most six constraints to the overall properties of the non-homogeneous
medium, which means that the six material constants relevant to the axial direction of the cylindrical
aggregate can be solely determined by the remaining 15 off-axial material constants. In particular, the
connection (9) suggests that the overall moduli of a family of heterogeneous materials are governed by
the same constraints as that for a typical two-phase fibrous composite. In addition, the relationship (9)
is independent of volume concentrations of the constituents. The functions F and f, which are relevant
to the volume concentrations of the phases, only take effect in one connection (10).

For the usual two-phase composite (5), it follows that (F) = ¢l and (f) = ¢,, where ¢, denotes the
volume fraction of phase 2. Eqns (9) and (10) are recast as

Ak A A A \—1
@ —a) =8 -5)5-8§) (a2 —ay),
(Bl =B — o B2) = @ —a1)' (8 - 81) (@ — c1a1 — c2a0), (11)

which are exactly the results of Chen [1998, eqns (27); and (28);] derived from the uniform-field
approach. The present formulation does not invoke the concept of uniform fields and yet the scope is
somewhat broader than that of the previous works. For example, the present approach justifies the
validity of the connections for media containing cavities or rigid inclusions, and for a few classes of
pointwise varying materials, in which uniform fields may not be generated. We note, however, that for a
general three- or more-phase material, no such connections (9) and (10), can be found by either
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approach. As noted earlier by Chen (1998), the connections are formally identical with Levin’s (1967)
relation, Rosen and Hashin’s (1970) connection between the effective thermal properties and overall
mechanical properties, and with the restrictions of the overall electrical-mechanical coupling behavior,
etc. Thus, by proper interpretations of the definitions in (9) and (10), the results also apply to the
constraints of overall moduli of various physical phenomena.

Before closing this section, we ask whether the choices of § will affect the results (9) and (10)? In
other words, if two sets of S, Sp, E5, Eg, (a,, ap, F) represent the same configurations of a medium, will
the connections obtained remain the same? The answer is yes. To prove this, we start from (9).
Referring to (9) and (8), it is seen that

at = (aa — S'aAS_IAa) +S'*(§2 — S‘l)_l(az —ap) (12)

A gn oAyl nkin oA\l
—a-8/(8-8) (@ —a)+S (5, -81) (a2 —ay). (13)
Similarly, since (FT)Aa = (a(x)) —a, and (f)AE; = (E3(x)) — E%, it turns out that (10) can be recast as
Al
—(E% — (E3(x))) = Aa"AS  (a* — (a(x))). (14)

Obviously, (9) and (10) are independent of the choices of S, and S,;.

3. Universal connections when AS is singular

Returning to the connections (11) for a two-phase fibrous composite, it is essential that (5’2 — Sl) be
invertible. As mentioned before, eqn (4) also implies that a, and ag cannot be uniquely determined if
(S> — 81) is not invertible. Thus, the previous results (9) and (10), are not applicable when (S; — S;) is
singular. Although it rarely occurs in practice that this matrix is singular, there are quite a few
theoretically interesting outcomes resulting from this coincidence, for example in two-phase isotropic
media with equal shear rigidities or equal bulk moduli. In this section we intend to prove that, with the
concept of uniform fields, quite a few connections between the overall moduli can still be established.

For simplicity, let us focus on two-phase fibrous composites. The phase properties and overall moduli
are written by (2) and (6), with indices i = 1, 2 and ¥, respectively. Suppose the composite aggregate is
subjected to a uniform stress ¢ together with a certain constant axial strain &) such that the strain £ is
constant throughout the whole medium, namely

(Sz —Sl)& + (a2 —a1)8(3) =0. (15)

Since the stress and strain are constant throughout, the equilibrium and compatibility equations are
automatically satisfied. Now suppose the medium is effectively represented by a homogeneous medium
with certain unknown overall moduli. In other words, when the loads ¢ and sg are applied, the induced
strain will be identical with the pointwise local strain, which means that

N

(8* —8)6 +(a* —a)ed =0, i=1,2 (16)

in the transverse direction, and
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2 2
|:a*T — Z c,.arT:|6' — |:E’§ - Z cr ’3':|£g =0 (17)
r=1 r=1

in the axial direction. . . .
Back to (15), since (S, — 8) is singular, the rank of (S, — §;) must be less than five, say r. The non-

trivial solutions of (15) can be grouped into the following cases:

e when rank [(32 — 31) | (@ — a;)]=r+1 <5, there exist (4 — r) linearly independent vectors [6‘|8(3)]T
(5 — r) linearly independent vector [ 10]%;

e when rank [(S> — S1)|(a2 — a1)] = 5, only one solution [6]0]" can be found;

e when rank [(S> — S1)|(@2 — a;)] = r, then there exist (5 — r) linearly independent vectors [4]¢)

or
]T

Here, the symbol [S' |a] denotes the augmented matrix of S and a. Note that these non-trivial solutions
are exactly the loads that generate the uniform fields throughout the medium. Substituting the
solutions of [&|s(3)]T into the identities (16) and (17) will provide the connections between the overall
moduli for the case that the matrix (S, —S;) is singular. It should be noted that, compared to
previous results, for the most general anisotropic composite, the results may provide more than six
constraints, since at least one linearly independent solution can be found. Of course the actual
reduction must be determined for each particular system.

In view of (9) and (10) it seems that the connections may break down when the matrix (S» — 8;) is
not invertible. However, the present derivations indicate that in this particular situation uniform fields
can always be generated under certain loadings, even for a medium which is not a cylindrical aggregate.
In the next section, we shall work out a few specific examples for a two-phase fibrous composite.

4. Example

In this section we derive some explicit formulae for the constraints between the overall moduli, in the
case that the matrix (S; —S;) is not invertible. To start the formulation, let us introduce the
orthonormal basis

110 IR 1o o
“=loal “TAale ! Tl of (18)

in the symmetric second-order tensor space. It is known (Zheng and Hwang, 1996) that the general
anisotropic in-plane compliance can be expressed as

A~ 1
S:E (I+VI-11Q1+1i1®d+d®1)+D|, (19)
—_——
isotropic part anisotropic part

where E is the (in-plane) two-dimensional Young’s modulus, v is Poisson’s ratio in the transverse plane,
I is the fourth-order identity tensor, 1 is the unit second-order tensor, and d=d e;+ de,,
D= Di(e; ®e; —e; ®er)+ Di(e; Q@ ex+e; ®e;). The first brace in (19) indicates the isotropic part of the
compliance tensor which is invariant to rotations with respect to the xs3-axis, while the second brace
represents the anisotropic part of the tensor. In the basis (18) the constitutive equations in (2) can be
written in matrix form as
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(e1 4+ 8)/v2 | 1—v dy dy (61 + 02)/V/2 (a1 + a@)/V2
(&1 —82)/«/5 = z d 14+v+ D D, (01 —02)/\/5 +8(3) (n —az)/ﬁ ,  (20)
e6/2 da D, 1+v—D V20 as/V2

_ (a1 +a) (01 +02) (a1 —a) (01— 02) ag O

NG NI, TRV, W A

There are four kinds of elastic symmetries corresponding to the in-plane compliance tensor S, namely
full anisotropy, orthotropy, square symmetry and isotropy. Positive definiteness of the elastic matrix
requires that

E3é. 1)

detS$ >0, 1—v>0, 14+v+D; >0, 1+v—D; >0,
A <=1 +v+Dy), di<U=v(A4v=D)), D3<(l+v)V =D (22)

It is known that for an isotropic solid the area bulk modulus k and the shear modulus p can be
written as k = E/2(1 —v), u = E/2(1 +v). An advantage of the orthonormal basis is that when the axes
are rotated around the xs3-axis by an angle of 0, the rotated compliance simply follows §y = 28", in
which

1 0 0
A=|0 cos20 sin20 |,

0 —sin20 cos?20

1—v di cos 20 4 d» sin 20 —d sin 20 + d» cos 20

a 1

S = 7 1 4+ v+ Dj cos 40 + D, cos 40 —D sin 40 + D, cos 460 , (23)
sym 1+ v— Djcos 40 — D, cos 40

4.1. Transversely isotropic phases

Let us consider a two-phase fibrous composite in which the constituents are transversely isotropic. In
this case, it is known that d; = d» = D, = Dy, = as = 0,a; = a» = —vF, v* being the axial Poisson’s
ratio. For convenience, the indices i and m are used to distinguish the phases. For the case that AS is
invertible, Hill (1964) showed that there exist two constraints between the overall properties of the
composite. However, if the matrix (§; —S,,) is singular, the validity of the connections needs to be
further examined. To explore this, by demanding S;: — $,16 + (a; — a,)ed = 0, namely

1
ki

1
k m

Y
=

I
<

ST

1 1 1
5 i - 2 ¢ — «/583 0 0, (24)

Qu
N
o

1 1
Hi K _
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one finds a partlcular loadmg path that generates uniform fields throughout the domain. It is then clear
that the matrix (S Sm) singular implies k; = k,,, or y; = w,,. When the bulk moduli are equal, the null
space of the system is one-dimensional and the only non-trivial solution is [p, 0, 0, 0]'; when the shear
rigidities are equal, the null space becomes two-dimensional and the solutions may be written as
[0, p, ¢, 01" or 2vV2(vE —vENK ' =k, )7L, p, ¢, 11V, p, ¢ being some arbitrary constants. Recalling that the
overall properties must be connected by (16) and (17), one finds that if k; = &, then

K =k =k, V,f = ciV,‘L + Cmvyﬁ; (25)

if y; = u,,, then

=gy, (T g Yemevoony o, 26)
i m» i - L E* —cEi—cpEy l _ _.
k= ke ki K

4.2. Square-symmetric phases

To further illustrate the procedures described in Section 3, we consider a two-phase fibrous medium in
which the phase properties are of square symmetry (Hahn, 1987), namely d, = d, =0 and D} +D3#0
in (20) In partlcular in the basis (20) the non-zero coefficients of S are § 1 =38 + S, S 0 =5 —
S12, S, =83 = §16 and S35 = S¢6/2. It is mentioned that square symmetry is a two-dimensional version
of tetragonal symmetry (Nye, 1985). One of the main differences with the transverse isotropy is that the
material principal axes may vary with the phases. For fixed Cartesian coordinates, on the basis (18), the
phase moduli can be written as

1—v, 0 0
~ 1
Sm:E— 0 1+v,+ D7 DY ,
0 D3 1 4+v, — DT
S31/SWI
am =2 0 ,
0
1 —v; 0 0
~ 1 . .
Sj = E 0 1 + v+ Dll Dlz R
1
0 D5 1 +v;— Dj
$51/553
a; = \/5 0 s (27)
0

and the difference of the moduli (S‘ = S'm) follows as
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o 0 0
n a 1 ~ -
SI_S)11:F 0 ﬁ+Dl D2 P (28)
m ~ ~
0 D> p— D,
where
ao={0—-vn—=~0=v,), p=0+vy—(14vm),
Dy =Din—DP, Dy=Diy—DY, n=Ey,/E. (29)

By the relation (23), it is seen that the matrix can always be diagonalized via a rotation about the
x3-axis by an angle 6, which satisfies D sin 40 = D cos 46. A§ in (15), one can find a particular loading
that generates uniform fields in the medium by demanding 2(S; — S,) 2" %6 + #(a; — a,)ed = 0, which
provides

x 0 0 &1 A

1

o 0 B+ D! 0 Gy ¢ +2830 0| =0, (30)
0 0 B-DY|]ds 0

where DY = D cos 40 — Dy sin 40, A = s}, /s5, — s5,/s% and & = %6 . PR
That the matrix (S; —S,,) is singular implies that « =0 and/or > — D, — D, = 0. Specifically, the
non-trivial solutions of eqn (30) can be found as

(a) when 0« =0 = [6, 8(3)] =[p,0,0,0],

(b) when f+ D} =0=[,6]] = [V2pA, 4,0, — pa/E, ],

(c) when B — DY =0=[5,8] = [V2pA, 0,9, — pa/Ep],

(d) when =0 and ﬁ+D(f:0:>[&,8g] =[p,q,0,0],

(¢) when o =0 and f—D!=0= [d,¢]=1[p,0,q,0], (31

P, g being arbitrary constants. Note that, except for the first case that represents the identical plane
strain bulk moduli in both phases, the null spaces of the non-trivial solutions are all two-dimensional. In
either case, the overall moduli of the composite must comply with the connections (16) and (17), which
now take the forms

(8" =8,)%"6 + (@ —an)d =0, (32)

m

|:a*T -3 c,.a,T:|9?T& - |:E*3‘ — > E; |5 =0, (33)

where

~ 1 « ~ ~ %
S _Sm = = 0 ﬁ +D1 D2 5 a* —ap = ﬁ 0 s (34)
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and

W =E,/E* o*=0—=vW"=0=vy,), B =0+ —U+v,),

~* k% 1 S * ko sk 11 * * k m m
D, =Din* = DY, D,=Dn"—Dj, A" =s5/s35—s5/53. (35)

The substitution of (31) into (33) will provide the constraints between the overall moduli of the
composite. Specifically, in reference to (31), we find that the connections between the overall moduli of
the composite are:

Case (a):
K* = ki = kis %1 /85 = cishy /553 + cmsh /555 (36)
Case (b):

m

S5./8% —Cl'Si /Si — 83 /S i m g .m
317733 31L733 U3 — A1 ki — k) / (85, /5% — 551 /55, (37)

E} — ¢;EY — ¢y EY

pena= (Lo LY/ L
crn=ain=(g-2) /(- %) (38)

(ﬁ* + D~T) cos 20 + D~; sin 26 = 0, D~; cos 20 + (ﬁ* - D~T) sin 260 = 0, (39)

Case (¢): eqns (37), (38) and
—(ﬁ* + D~T) sin 20 + D~; cos20 =0, -— D~; sin 26 + (ﬁ* — D”f) cos 20 =0, (40)

Case (d): eqns (36) and (39),
Case (e): eqns (36) and (40).

5. General framework

In Section 2 we focused on the constraints between the overall elastic moduli of fibrous composites, in
which the axial strain e; can be taken constant. In fact, as long as certain local fields are uniform
throughout the medium, the framework remains valid. For example, in a cylindrical electro-elastic
aggregate the axial strain and axial electric field may be taken constant; also in a layered medium the
strains in the transverse direction can be assumed uniform under certain loadings. Apart from these,
uniform eigenfields, or transformation fields may be regarded as particular examples of this kind. In this
section, we propose a general framework for deriving the connections between the overall moduli of
two-phase composites. The formulation is not limited to the context of elasticity. For general purposes,
let us characterize the physical behavior for the phases (designated as 1 and 2) as

U =PX; +0Q,Y,
{ =RAEOY. (41)

V.= Q/X;+R}Y; .



T. Chen, Q.-S. Zheng | International Journal of Solids and Structures 37 (2000) 2591-2602 2601

where P = PT and R = R", U and X are (n — r) x 1 matrices, and V and Y are r x 1 matrices. Suppose Y
represents the uniform local field quantities throughout the medium, i.e. Y| =Y, = Y¥ = constant
matrix, which means that there exist r uniform fields among the #n field quantities.

If, in addition, the local variables fulfil certain field equations (for instance, equilibrium equations in
elasticity or divergence equations in dielectric problems) so that the average fields over the representative
volume Q are equal to the remote applied loading, namely X = X*° and ¥ = Y", then the overall moduli
are necessarily connected by relations of type

U =PX>®+0Q'Y",

V =0"x® + RV, (42)
where
-
M=§J MdQ, M=U,V,X,Y. 43)
Q

Now taking an average of the field variables and comparing with (42), in analogy to (7) one finds
AP*X™ + AQ*Y" = ¢{AP(X) + AQY"},
AQ*TX™ + AR*Y" = ¢{AQ(X) + ARY"}, (44)
where
APF =P —P,, AQ*=0*—-0,, AR* =R*—R,,

AP:P2_P1, AQ:Q2_Q1, AR:Rz_Rl,

1
c=0/Q), Q=0 +Q,, <X):§J X dQ. (45)
Q)

Since X*° and Y* can be prescribed arbitrarily, by letting ¥* =0 or X*° = 0 separately, we find the
connections between the overall moduli

AQ* = AP*(AP) "' AQ,
AR* — ¢AR = AQ™(AP)'[AP* — cAPI(AP) "' AQ, (46)

provided that AP is invertible. Again, when AP is singular the approach outlined in Section 3 can be
employed.

6. Closure

For a cylindrical body in which the material properties can be represented by the characterization
formulae (4), we show that its effective moduli follow the constraints similar to those for two-phase
fibrous media (Hill, 1964). In fact, it can be shown that (4) is the most general characterization for
which such connections can be established. Eqn (4) permits us to characterize a domain that is more
general than a two- or multi-phase medium or even a pointwise varying material, but in principle they
cannot depict a general three-phase material. However, for a three-phase material in which the third
phase is itself a composite of the first two materials, or the family of three-phase materials that could be
characterized by (4), then the results (9) and (10) still hold. The connections provide relationships



2602 T. Chen, Q.-S. Zheng | International Journal of Solids and Structures 37 (2000) 2591-2602

between the moduli in the axial direction and those relating to the off-axial direction. In general at most
six conditions can be obtained and thus, only 15 out of a total of 21 constants are independent. In the
case that the matrix AS is singular, additional connections between the effective constants may be
found. We mention, however, that the exact result of the bulk modulus found by Hill (1963) for
composites with identical shear rigidities, which corresponds to the case that AS is singular, cannot be
derived from our connections, since the present connections provide exact relations between the axial
moduli and off-axial moduli, while Hill’s result determines a unique solution to bulk modulus in the
transverse direction. In plane elasticity, Zheng and Hwang (1996, 1997) recently found that the effective
tensors for a medium containing cavities or inhomogeneities are independent of some phase material
parameters. In a companion work, we (Zheng and Chen, 1999) show that the reduced dependence of the
phase moduli and connections obtained in the present work are complementary to each other. Thus, it
is likely that the effective constants in the axial direction could be irrelevant to some of the phase
parameters in the transverse plane. Finally, we remark that, in addition to the various physical contexts
mentioned in Section 5, the present framework can be applied to polycrystals (see, for example,
Schulgasser 1987; Chen, 1994).
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